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A variety of two-equation turbulence models—including several versions of the K-¢ model as well as the K-w
model—are analyzed critically for near wall turbulent flows from a theoretical and computational standpoint.
It is shown that the K-¢ model has two major problems associated with it: the lack of natural boundary
conditions for the dissipation rate and the appearance of higher-order correlations in the balance of terms for
the dissipation rate at the wall. Insofar as the former problem is concerned, either physically incensistent
boundary conditions have been used or the boundary conditions for the dissipation rate have been tied to
higher-order derivatives of the turbulent kinetic energy, which leads to numerical stiffness. The K-« model can
alleviate these problems since the asymptotic behavior of w is' known in more detail and since its near-wall
balance involves only exact viscous terms. However, thé modeled form of the « equation used in the literature
is incomplete: an exact viscous term is neglected, which causes the model to behave in an asymptotically
inconsistent manner. By including this viscous term, and by introducing new wall damping functions with
improved asymptotic behavior, a new K-7 model (where 7 =1/ is the turbulent time scale) is developed. It is

demonstrated that this new model yields improved predictions for turbulent boundary layers.

Introduction

N increasing number of practical engineering calcula-

tions of turbulent flows have been based on two-equa-
tion turbulence models. For many technologically important
turbulent flows, two-equation models represent a nice com-
promise between zero- or one-equation models and second-or-
der closures (the former models tend to require too many ad
hoc empiricisms, whereas second-order closure models can be
overly expensive for design calculations). The K-¢ model! is
the most popular two-equation turbulence model in use today.
When utilized in conjunction with wall functions, the K-¢
model is reasonably well behaved and has been applied to the
solution of a variety of engineering problems with a moderate
amount of success. However, many important technological
applications require the integration of turbulence models di-
rectly to a solid boundary, particularly in problems where wall
transport properties are needed or where there is flow separa-
tion. The problem of developing low-Reynolds-number near-
wall corrections to the K-e¢ model that can be robustly and
accurately integrated to a solid boundary remains unresolved
so that models along alternative lines continue to be proposed
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(see Ref. 2 for a recent review). Most of these near-wall K-¢
models involve an excessive amount.of ad hoc empiricisms and
are numerically stiff in turbulent boundary-layer flows. This
motivated some researchers to pursue alternative two-equa-
tion models based on a modeled transport equation for the
turbulent time scale. The most notable example is the K-w
model of Wilcox and Traci® and Wilcox,* where modeled
transport equations for the turbulent kinetic energy K and
reciprocal turbulent time scale w are solved. There is consider-
able evidence that the K-w model is more computationally
robust than the K-e¢ model for the integration of turbulent
flows to a solid boundary. However, the K-w model yields
solutions for the turbulent kinetic energy that are asymptoti-
cally inconsistent near a solid boundary.* Hence, there is the
need to re-examine this problem from a basic theoretical and
computational standpoint. This establishes the motivation for
the present paper.

In this paper, the near-wall asymptotics of two-equation
turbulence models will be examined from a basic theoretical
standpoint. It will be shown that the K-¢ model has two major
problems associated with it. The first arises from the lack of
natural boundary conditions for the turbulent dissipation rate,
which has caused modelers to use a variety of derived
boundary conditions that are either asymptotically inconsis-
tent (e.g., the boundary condition of vanishing normal deriva-
tive of dissipation) or numerically stiff (e.g., the boundary
condition that ties the dissipation to higher-order derivatives
of the turbulent kinetic energy). The second problem, which
can be the source of substantial inaccuracies and numerical
stiffness, is tied to the fact that the balance of terms at the wall
in the modeled dissipation rate transport equation depends on
higher-order correlations whose models have considerable un-
certainties.

It will be demonstrated that both of these problems can be
largely alleviated by solving a modeled transport equation for
the turbulent time scale 7 = K /e since 1) near the wall, 7 = 2/
2», which provides the needed natural boundary conditions,
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and, 2) the balance of terms at the wall in the modeled trans-
port equation for 7 involves only exact viscous terms. It will be
argued that these features are primarily responsible for the
more computationally robust performance of the X-» model
of Refs. 3 and 4. However, the K-» model yields results for
the turbulent kinetic energy—as well as other turbulence quan-
tities—that are asymptotically inconsistent (e.g., near the wall,
K ~ y32instead of the expected K ~ y?2 behavior). It will be
proven that this problem arises because an exact viscous cross-
diffusion term has been neglected in the modeled w-transport
equation without compensating for its near-wall effect—a de-
cision made for computational simplicity. A new K-r model is
obtained by including this exact viscous term and by substitut-
ing improved wall damping functions obtained by an asymp-
totic analysis using the results of direct numerical simulations
of turbulent channel flow.> The new model will be tested for
the flat-plate turbulent boundary layer, and comparisons will
be made with the predictions of other models (i.e., the K-¢
models of Refs. 6 and 7) as well as the K- model* to assess its
performance.

Near-Wall Asymptotic Analysis
For simplicity, we will restrict our analysis to incompress-
ible turbulent flows (however, the crucial conclusions that will
be drawn carry over to compressible flows). The mean velocity
i1 and the mean pressure p are solutions of the Reynolds aver-
‘aged Navier-Stokes and continuity equations given by
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where 7;; = -u ;u j is the Reynolds stress tensor, » is the kine-
matic viscosity, and the usual Einstein summation convention
applies to repeated indices. We will consider the commonly
used two-equation models based on an eddy viscosity, where

ou; om;
Ty = — 2/3K(5,j + vy <‘a—' + a;) (3)
vy = C,(K?*/€) @)

given that K = Yu/u/ is the. turbulent kinetic energy,
€ = vdu [/ 3x;0u ; / dx; is the turbulent dissipation rate, and C,
is a dimensionless constant at high-turbulence Reynolds num-
bers. In two-equation models, transport equations are solved
for any two linearly independent variables constructed from K
and e. In the K-e model, modeled transport equations for K
and e are solved; in the K-w model, modeled transport equa-
tions for K and the reciprocal turbulent time scale w = ¢/K are
solved; and in the K-7 model, modeled transport equations for
K and the turbulent time scale 7 = K /¢ are solved. The exact
transport equations for K and e are as follows?:
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where D/D¢ = 3/dt + &1 - V. In Egs. (5) and (6),
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are turbulent transport terms, and
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are, respectively, the production and destruction of dissipa-
tion terms.
The Taylor series expansions for the components of

u{ =@’,v’, w’)are as follows near a wall:
w=ay+ay*+ - 63))
v =by? byt - - - (12)
w =y +oppia4 - 13)

where a; = a;(x,2,t), b; = bi(x,z,t), and ¢; = ¢;(x,z,t) given
that the coordinate y is normal to the wall (later, wall coordi-
nates will be used where y * = yu,/v given that u, is the shear
velocity). Of course, the no-slip condition at the wall elimi-
nates a,, by, and ¢,, whereas the continuity equation eliminates
b, (cf. Ref. 8). It is a straightforward matter to show that near
a wall,

K =00, e=0(1), =00 (14)
%: o), u’2 =00, Uy =00%) (15
v2=00"%, w2=00?), ®=00p% (16)
D = 0(), ®. = 0(), &, = 0(1) (17)
D, = 0(1), VK = 0(1), Vi=0(1) (18)

where ® = 7;;0u;/3x; is the turbulence production.

An asymptotic analysis of the K-e model will be conducted
first. In the K-e model, the eddy viscosity near a wall is taken
to be of the form

vr = Cf(Ke) (19)

The asymptotic analysis presented in this section indicates that
J. = O(1/y) near the wall since, due to Eq. (15), »7 must be of
() in this region. Of course, sufficiently far from the wall,

J, assumes a value of 1. (C, is a constant typically taken to be
0.09.) The turbulent. transport term 3 in the kinetic energy
equation (5) is modeled using a gradient transport hypothesis:

b} vr K
D= -——(L— 20
ax,-<01< 8x,-> ( )

where ok is a constant. From Eqgs. (14), (17), and (19), it is
clear that this model is not asymptotically consistent. How-
ever, 3 consists of two parts—the triple-velocity term and the
pressure diffusion term—as given by Eq. (7). Direct numerical
simulations of the Navier-Stokes equations indicate that

_(pu ) < a<%u uj u,)

except very close to the wall (i.e., inside of y * = 2; see Ref. 3),
and in this region D is negllgxble in comparison to the dissipa-
tion rate and the viscous diffusion of the turbulent kmetlc
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energy. Hence, if we approximate D by

0fl ——
:Dig;(iu;u;uo (21)

then the gradient transport model (20) is asymptotically con-
sistent since the right-hand sides of Egs. (20) and (21) are both
of O(»%) as the wall is approached. Hence, it would appear
that the asymptotic errors introduced by the use of Eq. (20) in
the K-equation model are probably not that serious.

The turbulent transport term D, in the dissipation rate
transport equation is also modeled by a gradient transport

hypothesis:
a yr de
D= ——=— 2
3Xi<¢Te 3xi> @2

(where o, is a constant) in the K-¢ model. This model is not
asymptotically consistent since D, = O(1) near a wall, while
the right-hand side of Eq. (22) is O(»?). However, this incon-
sistency is probably not of great consequence since both D,
and &, are of O(1) near a wall, but direct numerical simula-
tions of turbulent channel flow indicate that O, < &, (cf. Ref.
5).

The production of dissipation @, and the destruction of
dissipation ®, are modeled as follows:

€ aai
®. = Cofi = 7,4
Vh % Tij a.X:, (23)
62
¢ =Cafr X (24)

in the K-¢ model where the wall damping functions f,f; — 1
away from the wall. It is clear from Eqs. (14-17) that these
models are asymptotically consistent if f,=0(1) and
fo»= O0(r? near a wall. It thus follows that the K-~e model will
generate solutions for K,e and u ’v’ that are asymptotically
consistent if the damping functions f, = O(1/y) and f, = 9(y?)
near a wall with f; = 1.

Although the K-¢ model can be made asymptotically consis-
tent in near-wall turbulent flows by the introduction of only
two wall damping functions—namely, f,=0(1/y) and
f» = O(y?)—there are still some other major problems that
need to be discussed. There are no natural boundary condi-
tions on ¢; consequently, boundary conditions must be either
derived or postulated. One of the commonly used derived
boundary conditions is '

’K
v 5—);3 =€ 25

at the wall, which is a rigorous _consequence of the exact
transport equation for X. Equation (25) requires information
at the wall on the second-order derivative of the turbulent
kinetic energy—a feature that can lead to considerable numer-

ical stiffness. Some of the stiffness can be alleviated by utiliz-
ing the alternative version of Eq. (25):

2v(§fli>2 =e (26)
ay .

at the wall. However, even Eq. (26) can give rise to consider-
able numerical problems. The Neumann boundary condition

Oe
— = 27
% @

has been used in a variety of applications of the K-¢ model (cf.
Ref. 9). Although Eq. (27) is more computationally robust, it
is completely ad hoc with no solid theoretical or experimental

justification. In fact, recent direct numerical simulations of

the Navier-Stokes equations for turbulent channel flow indi-
cate that®

e (e*/ef) = — 0.25

at the wall; under such circumstances the use of Eq. (27) could
lead to substantial errors.

The other major problem with the dissipation rate transport
equation lies in the balance of terms at the wall. At a solid
boundary, Eq. (6) reduces to

% de
— = D+ =
v &7 . + + Py (28)

For a fully developed turbulent boundary layer, de/d¢ = 0 and
D, < P, as discussed earlier; hence, Eq. (28) simplifies to

%
v 5)—15 =&, (29)
Both Eqs. (28) and (29) have a major deficiency: the balance
of terms at the wall involves higher-order correlations. This
puts significant pressure on the accuracy of the near-wall
modeling of the destruction of dissipation term that can fur-
ther exacerbate the numerical stiffness problem.

On the other hand, the turbulent time scale 7= K /e has a
variety of natural boundary conditions. It is a simple matter to
show that close to a wall

.Y
T = (30)
and, hence, at the wall -
dr d2r 1
T = @ —0, a;i = ; (31)

Equations (30) and (31) have the advantage of being valid for
any near-wall turbulence where the fluctuating velocity is ex-
pandable in a Taylor series. Furthermore, the balance at the
wall in the transport equation for 7 involves only exact viscous
terms. This can be seen directly from the exact r-transport
equation, which takes the form

Dr 1 o 2 2P

r
'B;—I?T,'ja—xj—l —E:D-EG)E'FEQE‘FEQDG
2v 3K ar 2v 31 01 5
+_E-5)—C;5}—,-—75.;,'axi+VVT (32)
and hence, at the wall y = 0, the leading terms are
WK woror P
Kayay rtayay ' ay? = 33)

Here, each term on the left-hand side of Eq. (33) is ©(1). The
balance of terms in Eq. (33) is guaranteed if 7 = y2/2v near
the wall. Therefore, it appears that the two major problems
with the K-e model—namely, the lack of natural boundary
conditions for ¢ and the appearance of higher-order correla-
tions in the balance of terms at the wall—can be overcome by
the use of a K-7 model. .
Although the development of a two-equation turbulence
model based on the turbulent time scale has been discussed in
the literature (cf. Refs. 10~12), no systematic study of such
models has been conducted for near-wall turbulence. Only the
K-w model, which is based on a modeled transport equation
for the reciprocal turbulent time scale @ = 1/7, has been
studied in these flows to any extent (see Refs. 3 and 4). In the
K-w model, a modeled transport equation for the reciprocal
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time scale w is solved, which is in the form*

Dw w o 2 9 v;r> ow

= - acd SN — | {p+L) = 4

Dt Cwl KTUan szw + ax,» v+ o, 3x,~ (3 )
where vy = C,K/w, and C,,, C,, 0,, are constants that assume

the values of 5/9, 5/6, and 2, respectively (again, C, = 0.009).
However, we will now show that Eq. (34) is inconsistent with
the exact transport equation for w near a wall: an exact viscous
term should be added and C,, should be damped. The exact
transport equation for w takes the form

Do & & D ol ., oD
Dr kK K K K TTX
2y 0w dK 2
Ka_)cia—x+va 35

Hence, it is clear that the exact viscous cross-diffusion term,
given by (2v/K) (dw/dx;) (K/3x;) in Eq. (35), has been ne-
glected in the modeled w-transport equation of Refs. 3 and 4
for simplicity. From Eq. (35), it is a simple matter to show that
the leading terms in the near-wall balance of w are as follows:

2v 0w 0K 3w
+ =
X ay ay V—— +w?=0 (36)

at the plane solid boundary y =
with asymptotic solutions for X and w that behave correctly
near the wall, i.e.,

K = ay?, w = 2p/y? 37
In contrast to Eq. (36), the K-w model of Wilcox based on Eq.
(34) yields the balance of terms

w
v Frei Cow? =0 (38)

at the wall, which is incompatible with Eqs. (37) given that
C,> = 5/6. Hence, the K-» model of Wilcox yields asymptoti-
cally inconsistent solutions in near-wall turbulence (e.g.,
K ~ y33; see Ref. 4).

The K-» model can be made asymptotically consistent by
the addition of the viscous cross-diffusion term (2v/K) (9w/
dx;) (0K /3x;) and by decomposition of C,, as follows:

Co=011/6)f,—1 _ 39

where f; is O(y?) near the wall. However, we feel that it is
preferable to derive a modeled transport equation for 7= 1/w,
since 7 is not singular near the wall.

New K- Model

Models for @,, &, D,, and D are needed for closure of the
7-transport equation (32). The production-of-dissipation term
will be modeled as it is in the K-e model, i.e.,

om; Coy 0w
®.=Cyw yalir™ 2%, == T,-j?,—)é (40)
where C,, = 1.44. As mentioned earlier, this model is asymp-
totically consistent. The destruction-of-dissipation term &,
will also be modeled similarly, i.e.,

@, = Cofi(/K) = Cof, (K/7) 41)
Here, asymptotic consistence with Eq. (17) requires that f, be
damped of O(y?) near a wall. We will use a variation of the

form for C,, suggested by Hanjalic and Launder'3:

C., = 1.83[1 - (2/9) exp( — Re?/36)] (42)

0. Equation (36) is consistent -

where Re, = K?/ve is the turbulence Reynolds number. Here,
we set the high-turbulence Reynolds number value of
C, = 1.83 since it yields a somewhat more accurate value for
the decay rate of grid turbulence than the traditional value of
1.92 (cf. Ref. 10). An exponential form is chosen for the wall
damping function f5 as follows:

o=l -exp (-y*/A)P 43)
which is O(¥?) near the wall. Since at the wall

326+ e+2

a2 Caliey (44)

A, can be evaluated if 3% * /3y *2, e+, and K * are known, By
using the wall values of these quantities from direct numerical

simulations of turbulent channel flow,’ we obtain

A, =49 45)
The resulting model for ¥, is quite similar to that proposed
recently by Myong and Kasagi.!
The turbulent diffusion term for 7 is defined by
D, =KD, - (1/K) D (46)
This term will be modeled by the gradient transport hypothesis

L= 2VT§L{91_2VT2191+_8__<.V_Tﬁ> @7
KO'.,l Bx, ax; 702 ax,- 6x,- 6x,~ O axi

where vy is eddy viscosity and o, and o, are turbulent
Prandtl numbers. In deriving Eq. (47), it has been assumed
that the turbulent transport processes parallel the molecular
ones (i.e., each turbulent transport term is coupled with a
molecular diffusion term of the same general form). The
turbulent Prandtl numbers for the last two terms on the right-
hand side of Eq. (47) are taken to be equal so that this pairing
of molecular and turbulent diffusion terms is aiso true if the
reciprocal time scale w is chosen as a variable instead of 7 (the
choice of w as a variable instead of = should not alter the basic
physics of the model). Of course, the eddy viscosity is taken to
be of the form

vr=C KT (48)

where C, = 0.09, and f, is a wall damping function that is
O(1/y) near the wall. By an analysis of the two distinct effects
of low-turbulence Reynolds number and near-wall proxnmty,
Myong and Kasagi'4 proposed the model

f.=(1+3.45/\Re))[1 — exp(~ y * /70)] 49)

This model fits the experimental data? reasonably well with
one exception—it. asymptotes to one somewhat too slowly.
Hence, we will consider the alternative model

f. = (1 +3.45/\/Re,) tanh (y * /70) (50)

since the hyperbolic tangent asymptotes to one faster by the
necessary amount.

Now, for the purposes of clarity, we will summarize the K-
model derived in this section:

2 an; on;
=3 =Koy + VT(an + 5—;) [61))
vy = Cf KT (52)

DK ou; K 8 VT>BK
— =T - =+ + =)= 53
D~ ax, T 7 T o [(" ox/) Ox; 63
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oK a7
ox; 8x,

2 v\oror 3 ﬁ)ﬂ 54
. T<y + Ufz)ax,‘ 6x,- * 6x,[<y * 072 6x,~ (54)

In Egs. (51 -54),C,=0.09and C,, = I. 44 whereas Cez, bR and
Jf, are given by Eqs (42), (43), and (50), respectively. How-
ever, to complete the model, values for the turbulent Prandtl
numbers. o,), 0,, and ox must be provided. In this regard, we
first note that, if

Dr o 2/
N (l Cel) K Tij axj + (C62f2 - 1) + K (" >

Or1 = 02 = 0Og = O

then the modeled 7-transport equation (54) is equivalent to the

e-transport equation ;
D A 2 93
= =Caery S [<» + ”—T>i‘—] (5%)
i O axi

C —_
Dt 3 R Tu a ,CEZfz X ax

Since the standard e-transport equation (55) is known to per-
form well in several high-Reynolds-number turbulent flows, it
is reasonable to believe that ¢, 0,5, 0k, and g, must assume
values that are reasonably close to one another, Furthermore,
for local equilibrium flows with zero pressure gradient and
logarithmic velocity profile, we must have 2

Ca = Ca ~ (¥/oC) (56)

where x = 0.4 is the von Kdrmdn constant. Hence, for the
values of C,;, Cx, and C, chosen herein, it follows that o, =
1.36 and, hence,

0,1 =0y =0k = 1.36 : (57)

It should be noted that the new modeled transport equation
for 7 given by Eq. (54) is equivalent to the w-transport equa-
tion

Dw w
Dt (Cel )KTU a

+2<+ )16K8w+a <+vr>3w
14 — - ———— - 14 _—
K 8x, 6x, ax,- (+2%) ax;

which differs from that of Refs. 3 and 4 by the presence of a
cross-diffusion term and by the dampmg of the coefﬁcxent of
«? to one at the wall.

Calculations will be presented in the next sectlon using the
common value of 1.36 for ¢,, 0,2, and ok, which seems to be
adequate for the present study. However, future research is
needed to optimize these constants over a range of benchmark
turbulent flows.

(Ce?.f2 - Do?
(38

Comparison of Models o

First, the performance of this new K- model will be exam-
ined for the incompressible flat-plate turbulent boundary layer
at zero pressure gradient. Comparisons will be made initially
with the K-w model of Wilcox* and the K -e model of Launder
and Sharma® (a comparison with the K-e model of Ref. 7 will
be made later). The calculations to be presented were done
with a two-dimensional boundary-layer code based on the
implicit marching scheme of Edwards et al.'* In the fully
developed turbulent regime, approximately 100 grid points
were ‘used in the direction normal to the wall, with the first
grid point at y * = 0.2. The profiles of the turbulent fields to
be discussed in.the figures are for a Reynolds number
Rey=1.6 X 10* based on the momentum thickness (this will
allow for comparisons with the experimental data described by

Patel et al.2 which was compiled from a variety of sources,
including Coles!6 and Schubauer!?)..

In Fig. 1, the predictions of the X -7, K- w, and K -€ models
for the mean velocity are compared with experimental data.2 It
is clear that each model yields a logarithmic velocity profile
for 30<y * <300 that is well within the range of the experi-
mental data. Furthermore, ~_each model correctly yields
u* =y+ close to the wall (i.e., fory * < 5) and predicts the
deviations from the law of the wall for y * >1000. In Fig. 2,
the Reynolds shear stress predicted .by these three models is
shown in lorarlthmlc coordinates. The. predlctlons of the vari-
ous models are ,exteremely close for y*>10. However, for
y* <10, the differences between the model predictions are
significant. Among these models, only the K -7 model yields a
profile where u'v " ~ y3 for y * <10, .as indicated by experi-
ments.? In Fig. 3, the predictions of the K-r, K-w, and K-e
models for the turbulent kinetic energy are compared. The K-7
model yields a peak in K + of approximately 4, which is well
within the range of the experimental data? and the results of
direct numerical simulations for turbulent channel flow.’ Con-
versely, the K- model—as well as the K-e model of Launder
and Sharma——appears to yield peaks in the turbulent kinetic
energy that are rather low. The turbulent kinetic energy near
the wall is shown on a logarithmic plot in Fig. 4. Only the K-7
model yields K ~ y? for the entire interval 0<y * <10; it

30
25
20

+ 15

10

O" LL tili L1 bt 11 Ll | lllillll
100 10! 102 103 104
+
Y
Fig. 1 Mean velocity profile predleuons for flat-plate turbulent

boundary layer (Reg =~ 1.6 X 104): ——, K-7 model; - - -, K- model;
. , K-¢ model of Launder and Sharma‘ o, expenmental data.2

101 —
100 b
10-1 |
B o2}
|

103 |

10—4 I

10—5 11 (l"l’lH]l | W) i 1 L8 llild
10-1 100 - 10! 102
Tyt
Fig. 2 Reynolds shear-stress profiles in logarithmic coordinates (leg-
end same as Fig. 1).
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yields the proportionality constant «* = 0.05—a result that is
well within the range of the experimental data.

In Fig. 5, the profiles of the turbulent dissipation rate
predicted by the K-7, K-w, and K-¢ models are compared.
Although the results are fairly close for y * >20, there are

6_

Kt
\

0 L { ! ! I
0 40 80

+
Y
Fig. 3 Turbulent kinetic energy profiles (legend same as Fig. 1).

10!

100 -

10—3 - /

10—4 L L L LTEiLl L i 1 ViR [N
1071 100 10! 10?2
+
Y
Fig. 4 Turbulent kinetic energy profiles in logarithmic coordinates
(legend same as Fig. 1).

0.30 -
0.25

0.20

0.05

0.00 i 1 i L §
0 ~ 40 80

Fig. 5 Turbulent dissipation rate préfiles (legend same as Fig. 1).

some significant differences close to the wall. The K-7 model
yields a value for the turbulent dissipation rate at the wall of
e =0.1, which is quite close to the value obtained from
experiments.? Likewise, the peak in e* is quite close to the
value obtained from experiments.? In contrast to these results,
the K-w model and K-¢ model of Launder and Sharma yield
values for the wall dissipation ¢, that are substantially too
small. In Fig. 6, the variation of f, with y * is shown for these
three models as well as for Chien’s model.” Only the K-7
model is within the range of the experimental data.? We did
not previously make comparisons with the results of Chien’s
K- e model, since his model was calibrated by the experimental
data for the flat-plate turbulent boundary layer at zero pres-
sure gradient. However, the fact that this model has some
inconsistencies can be seen in these results for f,.

The skin friction predicted by the K-7 model is shown as a
function of the coordinate x along the plate in Fig. 7. It is clear
that the results are in excellent agreement with the experimen-
tal data.’® In Table 1, the fully developed skin friction and
wall dissipation rate are tabulated for the four models consid-
ered in this study. Only the K- model and K-e model of Chien

1.0

0.8

0.6

0.2

0.0 ] I 1 - 1 1]
o] 20 40 60 80 100

y+

Fig. 6 Profiles of damping function f. for flat-plate turbulent

boundary layer (Rep = 1.6 X 10%): ——, K-7 model; - - -, K-e¢ model
of Launder and Sharma$; - - - , K-e model of Chien’; ¢, experimen-
tal data.2

6 —

X(m.)

Fig. 7 Comparison of predictions of the K-r model for skin friction
with experimental data,18
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Table 1 Comparison of model predictions for the wall dissipation
rate ¢;; and skin friction Cr (x = 4.987 m, Rex = 1.156 x 107).

Model ‘ € Cr
K-r 0.094 0.00245
K-¢ 0.021 10.00238
(Launder-Sharma)
K-¢ 0.113 0.00244
(Chien)

K-v 0 0.00244
Experiments 2, 18 0.05-0.10 0.00243
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Fig. 8 Prediction of K-r model for turbulent time-scale profile
(Reg=1.6x10%).
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1.0 —— Van Driest Correlation
. K=T Model

00 | ! | | |

e
Fig. 9 Skin friction as a function of Mach number M, for compress-
ible flat-plate turbulent boundary layer: adiabatic wall (Rep= 104,
Cpi = [CrlMe = 0)-

yield results that are within the range of the experimental data.
However, the more desirable features of 7 as a variable instead
of e can be seen by a comparison of Fig. 8 with Fig. 5. It is
clear from Fig. 8 that the turbulent time scale varies much
more smoothly with the distance from the wall; its first deriva-
tive with respect to y does not change sign.

Finally, to demonstrate that the model works for more
complex flow situations, we present results for the flat-plate
boundary layer in the high-speed compressible regime. In
Fig. 9, the normalized skin friction obtained from the K-7
model is compared with the Van Driest correlation,'® for the
case of the adiabatic wall; a range of Mach numbers 0 <
M, =< 10 are considered for Re, = 10*. In Fig. 10, the normal-

0.8 - Effect of Surface Cooling
0.7 —— Van Driest Correlation
& K=T1 Model
0.6
:.__' <
Q
~. 0.5+
O‘O—
0.4+
0.3+ Re = 104
M, = 5
02 | ! h 1 —
0.0 0.2 0.4 0.6 0.8 1.0
Tw/Tcnw

Fig. 10 Skin friction as a function of wall temperature T, for com-
pressible flat-plate turbulent boundary layer: effect of surface cooling
(Reg = 104, M, = 5, T,y = adiabatic wall temperature).

ized skin friction obtained from the K-7 model is compared
with the Van Driest correlation!® for the case of surface cool-
ing (Rey = 10%, M, = 5). The results obtained for both cases
are quite encouraging.

Conclusions

A basic theoretical and computational study of two-equa-
tion models for near-wall turbulent flows has been conducted.
The major findings of this study can be summarized as fol-
lows:

1) The K-w model of Wilcox and co-workers>* neglects an
exact viscous cross-diffusion term and does not damp the
destruction-of-dissipation term near a wall. These two simpli-
fications give rise to asymptotically incorrect solutions for the
turbulent kinetic énergy (K ~y>%) near a solid boundary.
However, for many applications, the K-» model does yield
adequate predictions for the skin friction and the turbulence
statistics away from the wall. )

2) The K-e model can be made asymptotically consistent by
the satisfaction of two constraints: the coefficient of the de-
struction-of-dissipation term must be damped of O(y?) near a
wall, and the coefficient in the eddy viscosity must be damped
of O(1/y) near a wall. Most existing corrections to the K-¢
model yield poor results in near-wall turbulent flows due to
the violation of these constraints.

3) There are numerical stiffness problems with the K-e
model due to the lack of natural boundary conditions for the
dissipation rate and the fact that the balance of terms for the
dissipation at the wall involves unknown higher-order correla-
tions that need to be modeled. These problems can, to a large
extent, be overcome by the use of the turbulent time scale
7= K /e as a variable since 7 has natural boundary conditions
arising from the no-slip condition and since the wall balance
for 7 only involves exact viscous terms.

4) A new K- model was developed by making use of these
ideas combined with improved variations of the wall damping
functions f, and f, recently developed by Myong and Kasagi. 14
A preliminary test of this K-7 model for the turbulent flat-
plate boundary layer yielded results that are quite encourag-
ing. However, further tésts and possible refinements are re-
quired before more definitive conclusions ‘can be drawn.

In future research, the K- model will be subjected to more
stringent tests involving adverse pressure gradients and high-
speed compressible flows with separation.
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